Relationship between equivariant gerbes and 
gerbes over the quotient space 

Kiyonori Gomi * 

Abstract 

By means of cohomology groups, we study relationships between equiv- 
ariant gerbes with connection over a manifold with a Lie group action and 
gerbes with connection over the quotient space. 

1 Introduction 

Gerbes can roughly be thought of as fiber bundles over a manifold whose fibers 
are categories. The notion of gerbes was originally invented by Giraud in 
the context of non-abelian cohomology. In 0], Brylinski developed differential 
geometry of certain abelian gerbes {gerbes with band T, which we will simply 
call gerbes from now on), and introduced the notion of connective structure 
and curving as connections on them. The notion of equivariant gerbes over a 
manifold with a Lie group action was introduced also by Brylinski ^ Ej . In 
the work of Sharpe ,18. .19^ , equivariant gerbes turned out to be useful for the 
geometric understanding of discrete torsions. 

Let G be a Lie group acting on a smooth manifold M. When we can make 
the quotient space M/G into a smooth manifold, the pull-back of a gerbe with 
connective structure and curving over M/G by the projection q : M M/G 
becomes naturally a G-equivariant gerbe with G-invariant connective structure 
and G-invariant curving over M . (In the sequel, we often mean a gerbe with con- 
nective structure and curving by a "gerbe with connection" , and a G-equivariant 
gerbe with G-invariant connective structure and G-invariant curving by a "G- 
equivariant gerbe with connection." ) The purpose of this paper is to study the 
relationship between G-equivariant gerbes with connection over AI and gerbes 
with connection over the quotient space M/G. 

Before the study of equivariant gerbes with connection, we consider equiv- 
ariant gerbes without connection. We recall here the classification of gerbes 
and that of equivariant gerbes. Let T — T^^ be the sheaf of germs of smooth 
functions on M which take its values in the unit circle T = {z e C| \z\ — 1}. 

*The author's research is supported by Research Fellowship of the Japan Society for the 
Promotion of Science for Young Scientists. 
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Proposition 1 (Giraud [11]). Let M be a smooth manifold. The isomorphism 
classes of gerhes over M are classified by H'^^M^T^j) ^ H^{M,'Z). 

When a Lie group G acts on A4, we denote hy G* x M = {G^ x M}p>o 
the simphcial manifold (El) associated with the Lie group action. The family 
of sheaves {'X.gpxm}p>o gives rise to a sheaf on G* x M, which we denote by 
l-G'xM- We also denote by H"^{G* x M, Tq.^m) the cohomology group with 
coefficients Tq.^m- We note that, if G is compact, then H"'^{G* x ]\I,Tq.^j^) 
is isomorphic to the equivariant cohomology group 1 Hq^^{M,'E) for to > 0. 

Proposition 2 (Brylinski [3j). Let G be a Lie group acting on a smooth man- 
ifold M . The isomorphism classes of G- equivariant gerbes over M are classified 
by H^{G' xM,Ta.^M)- 

In the present paper, we will prove the following theorem. 

Theorem 3. Let G be a Lie group acting on a smooth manifold M . We assume 
that the action is free and locally trivial, and that the quotient space M/G is a 
smooth manifold in such a way that the projection map q : M ^ M/G is smooth. 
For a non-negative integer to the projection map induces an isomorphism of 
groups 

q* : H"^{MIG,Tm/g) — H^{G' x M,!^.,^,,)- 

We can attain the assumption in Theorem|21 for example, in the case that a 
compact Lie group G acts smoothly and freely on a finite dimensional smooth 
manifold M . However, we need not restrict ourselves to such a case only. 

Combining Proposition ^ and Proposition |2] with Theorem |21 we directly 
obtain the next theorem, which is essentially known by Brylinski 

Theorem 4. Let G and M be as in Theorem\^ 

(a) For a G-equivariant gerbe C over M, there exists a gerbe C over M/G 
whose pull-back under q : M M/G is equivariantly isomorphic to C. 

(b) The isomorphism class of such C is unique. 

We then consider the case of equivariant gerbes with connection by a similar 
method based on cohomology groups. For a non-negative integer N , we define 
a complex of sheaves !F{N)m by 

™, Al d ,2 d d^ .N 

where -A'^ is the sheaf of germs of differential g-forms on M . We call the 
hypercohomology H™{M,!F{N)m) the smooth Deligne cohomology ^EUHlini- 

Proposition 5 (Brylinski [4J). Let M be a smooth manifold. The isomor- 
phism classes of gerbes with connective structure and curving over M are clas- 
sified by H^{M,T{2)m). 

In |12| . the equivariant generalization of the classification above is obtained 
on the basis of the work of Brylinski [2j . Let G' x M the simplicial manifold 
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associated with the action of G on M. The family of complexes of sheaves 
{J^{N)cp^m}p>o gives rise to a complex of sheaves J^{N)g'xm on G' x M. 

Notice here that we have an obvious fibration G^ x AI G^ x pt for each 
p, where pt stands for the manifold consisting of a single point. We define 
a subsheaf Fl4«,p^j^,^ of by setting FU^^^^j^^ = tt"! A^p^^t (g) 

where the tensor product is taken over 7r~^-Aepxpf Then we have a subcomplex 
F^J^{N)gpxai oi J^{N)gpxm for each p: 

I ^£ ^£ -^^-1 

u u u • • • u u 

^ ^ ^ ^ FU^-i ^ F^A' 

Thus the family {F^T{N)gpxm}p>o gives rise to a subcomplex F^J^{N)g'xai of 
J^{N)g'xm- We define a complex of sheaves T{N)g'xm by taking the quotient: 
T[N)g-xm = ^{N)g-xm/F^J^{N)g-xm- In [E], the hypercohomology groups 
H"^{G* X M,J^{N)g'xm) are called "equivariant smooth Deligne cohomology 
groups.'" In the sequel, we will omit the subscripts of F^T{N)g'xMi ^{N)g'xm 
and T{N)g'xm- 

Proposition 6 ([T^). Let G he a Lie group acting on a smooth manifold M . 
The isomorphism classes of G-equivariant gerbes with G-invariant connective 
structure and G-invariant curving over M are classified by H^{G' x M,^{2)). 

We will prove the following key theorem in this paper. 

Theorem 7. Let G and M be as in Theorem\^ For a non-negative integer N 
the projection map q : M ^ M/G induces an isomorphism of groups 

q* : H^{M/G,T{N)) — > {G' x M,T{N)). 

To relate i/"(G* x M,J'{N)) and i/"(G" x M,f{N)), we consider the 
long exact sequence induced by the following short exact sequence of complex 
of sheaves on the simplicial manifold G* x M: 

— > F^T{N) — > T{N) — > T{N) — > 0. 

We denote the Bockstein homomorphism in the long exact sequence by 

13 : i7"(G" X M,T{N)) — > H"'+\G' x M,F^T{N)). 

Now Proposition |S1 and Proposition |H| lead to the following result on the 
relationship between G-equivariant gerbes with connection over M and gerbes 
with connection over the quotient space M/G. 

Theorem 8. Let G and M be as in Theorem\^ (C, Co, K) a G-equivariant gerbe 
with G-invariant connective structure and G-invariant curving over M , and 
c € H^{G* X M,!F{2)) the class corresponding to the equivariant isomorphism 
class of (C, Co, K). 
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(a) There exists a gerbe with connective structure and curving {C,Co,K) 
over M/G whose pull-back under the projection q : M M/G is equivariantly 
isomorphic to {C,Co,K) if and only j//3(c) = 0_m H^{G' x M,F^T{2)). 

(h) The isomorphism classes of such (C,Co, A") are in one to one correspon- 
dence with Coker{(3 : H\G* x Af,J^(2)) -> H^{G' x M,F^T{2))}. 

By expressing H^{G' x M, F^T{2)) in a more accessible form, we can obtain 
a condition for the isomorphism class of such (C, Co, K) as in Theorem |S1 (a) 
to be unique. To the contrary, by a simple computation, we can find a case in 
which there indeed exist distinct isomorphism classes of such (C, Co, K). 

The outline of the present paper is as follows. In Scction|2 we briefly recall 
the smooth Deligne cohomology groups. In Section |21 we review the definition 
of the equivariant smooth Deligne cohomology group H'^iG* x M,!F{N)) and 
some facts on it. In Section^ we prove TheoremOl fTheorem E3l and Theorem 
[71 fTheorem 14.6)) . Section [S] deals with relationships between equivariant circle 
bundles and circle bundles over the quotient space. Though the relationships 
can be studied directly, we use the results in Section ^ which have an advan- 
tage of generalization. In Section we study the main subject of this paper: 
the relationship between equivariant gerbes with connection and gerbes with 
connection over the quotient space. 

To save pages, we mainly follow the terminologies in and drop the 

definition of (equivariant) gerbes. 

Conventions. Throughout this paper, we make a convention that a "smooth 
manifold" means a paracompact smooth manifold modeled on a topological 
vector space which is Hausdorff and locally convex. We also assume the existence 
of a partition of unity. Examples of such a manifold cover not only all the 
finite dimensional smooth manifolds, but also a sort of infinite dimensional 
manifolds. (An example of the infinite dimensional case is the loop space of 
a finite dimensional smooth manifold. See [l] for detail.) 

We also make a convention that a "Lie group" means a Lie group whose 
underlying smooth manifold is of the type above. When a Lie group G acts on 
a smooth manifold M, we denote the action by juxtaposition: we write gx € M 
for g G G and x G M. The unit element of G is denoted by e G G. 

We usually work in the smooth category, so functions, differential forms, etc. 
are assumed to be smooth. 

2 Smooth Deligne cohomology 

We here recall ordinary smooth Deligne cohomology groups ^ [3 • 
2.1 Smooth Deligne cohomology groups 

Let M be a smooth manifold. We denote by T^^ the sheaf of germs of functions 
with values in the unit circle T = {u G C| \u\ = 1}. For a non-negative integer 
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g, we denote by the sheaf of germs of R-valued differential q-forms on M . 

Definition 2.1. Let iV be a non-negative integer. 

(a) We define the smooth Deligne complex J^{N) m to be the following com- 
plex of sheaves on M: 

HN)m : A\, ^ Ai, ^ . . . ^ < ^ ^ . . . , 

where Tjy,^ is located at degree in the complex. 

(b) The smooth Deligne cohomology group HP{M,J-'{N)m) is defined to be 
the hypercohomology group of the smooth Deligne complex. 

We often omit the subscripts of Tj^^, A\,j and T{N)m- 
Remark 1. Let 1{N)^ be a complex of sheaves given by 

Z(7V)^ : Z^A°^A^^£^---^ ^^-1 ^ • • • , 

where Z is regarded as a constant sheaf. The smooth Deligne cohomology 
often refers to the hypercohomology _ff^'(M, Z(A^)g'). Since Z(A^)g' is quasi- 
isomorphic to J-{N — 1) under a shift of degree, we have 7?p(M, Z(A^)g) = 
HP-^{M,T{N - 1)). 

Recall the following classification of principal T-bundles and gerbes. (In this 
paper, a "gerbe" means a gerhe with hand T pi 1^ 

Proposition 2.2. Let M he a smooth manifold. 

(a) (Kostant llSf . Weil ]20l) The isomorphism classes of principal T-bundles 
(Hermitian line hundles) over M are classified by H^(M,T) = i?^(M, Z). 

(b) (Giraud The isomorphism classes of gerhes over M are classified hy 
H^{M,T) = H^{M,Z). 

By using the smooth Deligne cohomology groups, we obtain the following 
generalization of the proposition above. 

Proposition 2.3 (Brylinski j4j)- Let M be a smooth manifold. 

(a) The isomorphism classes of principal T -hundles with connection over M 
are classified hy H^{AI,J^{1)). 

(b) The isomorphism classes of gerbes with connective structure and curving 
over M are classified by H^{M, T{2)). 

We omit the proofs of Proposition 12.21 and Proposition 12.31 and refer the 
reader to 0]. 

3 Equivariant smooth Deligne cohomology 

This section is a short summary of jl2|. We introduce equivariant smooth 
Deligne cohomology groups, and state the classification of equivariant circle 
bundles (with connection) and equivariant gerbes (with connection). 
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3.1 Simplicial manifolds associated to group actions 

Let G be a Lie group acting on a smooth manifold M by left. Then we have a 
simplicial manifold G* x M = {G^ x M}p>o, where the face maps di : GP"*"^ x 
M ^ G^' X M, (? = 0, . . .p + 1) are given by 

{{g2,---,gp+i,x), i = 

{gi, . . . 1,3^5^+1, 3^+2, • ■ . ,5p+i,x), i^l,...,p 
i9i,---,9p,gp+ix), i=p+l, 

and the degeneracy maps Si : G^ x M G^+^ x M, (i = 0, . . .p) by 

s^igl, . . . ,5p,x) = (gi, . . .,g^,e,g^+l, . . ■,gp,x). 

These maps obey the following relations: 

d.odj = dj-iodi, {i < j), (1) 
s^osj = Sj+ios,, {i<j), (2) 

{Sj^iodi, {i<j), 
id, {i^J,3 + l), (3) 

Sjod.,-1, {i>j + l). 

To a simplicial manifold, we can associate a topological space called the 
realization [5| E| ■ The realization of G* x M is identified with the homotopy 
quotient ([T]): \G' x M\ = {EG x M)/G, where EG is the total space of the 
universal bundle for G. This can be seen by the fact that EG is obtained as the 
realization of G* x G, where G acts on itself by the left translation. 

Note that the classifying space BG is also obtained as the realization of 
G* X pt, where pt is the space consisting of a single point on which G acts 
trivially. We denote by tt : G* x M ^ G* x pi the map of simplicial manifolds 
given by the projection n : G^ x M G^ x pt. 

3.2 Equivariant smooth Deligne cohomology 

We here explain briefly the notion of a sheaf on a simplicial manifold (a sim- 
plicial sheaf for short) Let G* x M be the simplicial manifold associated 
to an action of a Lie group G on a smooth manifold M . We define a simplicial 
sheaf onG* X M to be a family of sheaves S* = {S^}p>o, where 5^ is a sheaf on 
GP X M such that homomorphisms d, : d'^SP 5^+^ and Si : s'^^p+i Sp 
obeying the same relations as Q, |(U and Q are specified. 

For example, the family {Tqp^]^}p>o gives rise to a simplicial sheaf on 
G* X M, which we denote by Tq. or T. 

Let S' = {SP}p>o be a simplicial sheaf on G' x M. For each p, let 
{IP'*,S) be an injective resolution of Sp. We call /*■* an injective resolution 
of S'. The homomorphism di : d^^SP 5^+^ induces a homomorphism 
d* : T{GP X A/, T{GP+^ x M, Combining these homomorphisms, 

we define a homomorphism d : T{Gp x MJp^'i) r{GP+^ x MJp+^'I) to be 
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d = Y^^=l{—iyd*. This homomorphism satisfies d o d = 0, because of We 
define H*{G* x M,S*), the cohomology with coefficients the simplicial sheaf 
S*, to be the total cohomology of the double complex (r(G' x M, P'^), d, 6). 

The notion of a complex of simplicial sheaves and of its hypcrcohomology 
are defined in a similar fashion. 

Definition 3.1. Let G be a Lie group acting on a smooth manifold M. We 
define a complex of simplicial sheaves J-'{N)g'xm on G* x M by the family 
of smooth Deligne complex {J-'{N)GPxM}p>a, where the homomorphisms di : 
d~^T{N)GPxM ^{N)gp+^-km and Si : s~^T{N)gp+Ixm ^ J^{N)gpxm are 
the natural ones. 

Here we consider the smooth Deligne complex J-{N)GixM on G* x M for an 
i fixed. We have an obvious fibration tt : G* x Af — ^ G* x pt. For a positive 
integer p, we define a subsheaf F^^^^^^j of A^i^j^,j by setting PPAl^^^j^j = 

"■"^iicixpt ^iic^xM' where the tensor product is taken over T^^^^^i-^pf 

For an open subset [/ C G* x M, the group FPA^i^j^{U) consists of those 
g-forms lu on U satisfying tvi • • • LVg_^^-^uj = for tangent vectors Vi, . . . , V"g_p+i 
a.t X & U such that tt* 14 = 0. If {gj} and {xk} are systems of local coordinates 
of G and M respectively, then the q-form uj has a local expression 

^ = ^ ^ fj.Kig, x)dgj^ A • • • A dgj^ A dxk^ A • • • A dxk^_^ . 

r>p Jl Jr. 

Since we have a filtration A^.^Af ^ ^'^Ag^xm ^ ' ' ' ^ F'^A^ixm ^ 0, the 
smooth Deligne complex J^{N)GixM admits the following filtration: 

T ^A^ ^£ 

u u u 
^ ^ ^ 

u u u 

*- i^2^2 ^ 

u u u 

u u u 
^0 ^0 — ^ 

u u u 

^0 ^0 — ^ 

We denote this filtration by 

J'{N)g^xm 3 F^:F{N)g.xm 3 F^T{N)g.xm 3 • • • 3 F''T{N)g.xm ^ 0. 



u u u 

u u u 

u u u 

u u u 

^ ^ F^A^ ^ ^ • • • , 

u u u 
^0 ^0 ^o^---. 
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For each i, we also define a complex of sheaves ^(iV)gixA/ by taking the 
quotient: ^{N)Qi-^f,[ = J^{N)GixM/F^^{N)GixM- If we introduce the sheaf 
of germs of relative g-forms with respect to x M x pt by A^^^ = 

— G^xm/^— G'xAf ^'^^ ^^'^ complex ^(-/V)GixM is expressed as 

Definition 3.2. Let G be a Lie group acting on a smooth manifold AI. 

(a) We define a subcomplex F^T{N)g'xm of J-{N)g'xm by the family 

(b) We define a complex of simplicial sheaves T{N)q>xm on G' x M by the 
family {.f (A^)g'xm}»>o- 

We can also define T{N)g'xm by the quotient T{N)g'xm I F^^{N)g'xm ■ 
As is clear, if the topology of G is discrete, then F^T{N)g'xm — 0, so that we 
have T{N)g'xm = ^{N)g'xm- 

Definition 3.3 ([12j). Let G be a Lie group acting on a smooth manifold M . 
We define the G-equivariant smooth Deligne cohomology group of M to be the 
hypercohomology group H"^{G' x M,!F{N)g'xm) of the complex of simplicial 
sheaves T{N)g'xm on G* x M. 

From now on, we omit the subscripts of ^{N)GixMi ^{N)g*xm , etc. 
Remark 2. When G is a finite group, the hypercohomology H"^{G* x AI, !F{N)) 
is introduced in the work of Lupercio and Uribe (14) as the Deligne cohomology 
group for the orbifold M/G. Since the topology of G is discrete, the cohomology 
ff"(G* X AI,T{N)) coincides with i7"(G' x AI,T{N)). 

By definition, the hypercohomology H"^{G' x M, JF(iV)) is given in the fol- 
lowing way. Let I* * * be an injcctive resolution of that is, /'■*'* is an 
injective resolution of the complex of sheaves ^{N) on G' x AI: 



s s 

S 5 
ji,0,0 'L^ p,0,l 1. 



T ^ 

We put K'^'i'^ — r(G* X AI, P'i^^). The injective resolution induces coboundary 
operators 5 : K^'i^^ j{h3+i,k J . ^ij,fe _^ j^tjM+i^ rpj^^ homomorphism 

di : di-^T{N)G^xM T{N)g^+ixm induces : K'^^'^ x^+^J'^ If we 



ji,0,N jifi,N+l 



A 



N 
■rel 
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define d : K^'^^^ K'+^d^k by 9 = ES(-l)'^r' then we have d o d ^ Q hy 
the relation . Since d commutes with both 8 and d, we have a triple complex 
{K^'^''',d,S,d). For (Bm=i+j+kK'^'''''' , the total coboundary operator is defined 
by 13 = 9 + (— 1)^(5 + {—ly^^d on the component K^'i^^ , The cohomology of 
this total complex is i/'"(G" x M,T{N)). 

Let {i^^'i^lp^o,!,... be a filtration of the triple complex K*-*'* given by 
F^K = (Bi>pK^'*-'* . This provides us a spectral sequence converging to the 
graded quotient of H'" {G' x M,T{N)) with respect to the filtration. The Ei- 
terms are 

El '^ = m{GP y. M,T{N)), (4) 

and the differential di : E^'*^ ^ El+^''' is 9 = Ef=o (-l)'^/*- Note that E^''' 
coincides with the ordinary smooth Deligne cohomology H'^{M,T{N)). 

Lemma 3.4. If G = {e}, then H"^{G' x M,f{N)) ^ H"" (M , (N)) . 

Proof. We use the spectral sequence Q. The natural identification {e}^ x M = 
M implies that Ef'"^ = E^''^ for all p and q. Under this identification, di = if 
p is even, and di = id if p is odd. Thus, the spectral sequence degenerates at 
E2, and we obtain ff«({e}* x M,T{N)) = E^'" = H'i{M,T{N)). □ 

3.3 The classification of equivariant circle bundles and 
equivariant gerbes 

In Pj , Brylinski classified equivariant principal T-bundles and equivariant gerbes 
by means of the cohomology if'"(G" x A/,T) ^ i?™(G" x M,T{Q)). 

Proposition 3.5 (Brylinski Let G he a Lie group acting on a smooth 

manifold M . 

(a) The isomorphism classes of G -equivariant principal T-bundles over M 
are classified by H^{G' x Af,T). 

(b) The isomorphism classes of G- equivariant gerbes over M are classified 
by H^{G' X M,T). 

Remark 3. Let EG be the total space of the universal G-bundle. For a smooth 
manifold M with a G-action, the equivariant cohomology group PP is often de- 
fined by H-^{M, Z) = H"'{{EGxM)/G, Z), where G acts on £;GxM diagonally. 
If G is compact and to is a positive integer, then H'^{G' x M, T) is isomorphic 
to H^'+\M,I.). (See 0.) 

The equivariant smooth Deligne cohomology H"^{G* x M,!F{N)) allows one 
to have the following generalization of the proposition above. 

Proposition 3.6 (jl^)- Let G be a Lie group acting on a smooth manifold M . 

(a) The isomorphism classes of G- equivariant principal T-bundles with G- 
invariant connection over M are classified by H^(G* x M,T{\)). 

(b) The isomorphism classes of G- equivariant gerbes with G-invariant con- 
nective structure and G-invariant curving over M are classified by H^(G' x 
M,T{2)). 
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Proposition 13 . 51 and Proposition 13.61 are shown by using a Cech cohomology 
description of i/™(G* x M,T) and iJ"(G" x M,T{N)). See for detail. 



4 Key theorem 

4.1 The cohomology on the quotient space 

Let G be a Lie group acting on a smooth manifold M. We endow the quotient 
space M/G with the quotient topology, so that the natural projection map 
g : Af — > M/G is a continuous map. 

Lemma 4.1. Let G be a Lie group acting on a smooth manifold M. There 
exists a spectral sequence converging to a graded quotient of the cohomology 
group H^'^'^^G* x M, T) with its E2-term given by 

EP^" = HP{M/G,X'^), 

where is the sheaf on M/G associated with the presheaf given by the assign- 
ment ofHi^G* X q~'^iV),T) to an open subset V C M/G. 

Proof. The spectral sequence is a sort of the Leray spectral sequence Let 
q : G' X M ^ {e}' x {M/G) be the simplicial map induced by the projection 
q : M M/G, and I*'* an injective resolution of the simplicial sheaf T on 
G* X M. We denote by g*/*'-' the direct image of under the projection q : 
G'xM ^ {ey X (M/G). Since we can identify {e}* x (M/G) with M/G, we have 
a double complex of sheaves g,/*'* on M/G. We compute the hypercohomology 
of the complex of sheaves g^,/* = ®<t=i+jq*P'-' on M/G in two ways. We take 
an injective resolution J*'* of the complex of sheaves g*/*: 




On the one hand, the filtration 'F^ — ®j>pJ*'-' induces a spectral sequence 
converging to a graded quotient of H^^'i{M/G, q*I*) whose i?i-terms are 



r(M/G,g,/P), 
0, 



(q = 0), 

{q > 0). 
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Since T{M/G,qJP) = T{M /G,®p^,+jqJ''^) = ®p=.,+jT{G' x M,r^^), the E2- 
terms become 

m{G' ■km,t), (q = o), 

0, {q > 0). 

Thus, the spectral sequence degenerates at E2, and yields an isomorphism 
H"'{M/G,qJ*) ^ i/"(G" X M,T). 

On the other hand, the filtration "PP = (Bi>pJ'^'* gives another spectral 
sequence converging to a graded quotient of H"'- {M / G , q^,!*) . Its i?2-terms are 
given by "E^'' = HP{M/G,H'^{q^r)), where H^qJ*) is the gth cohomology 
sheaf of g*/*, namely, the sheaf associated with the presheafFf-> H'^{V,q^I*) = 
H'i{G* X g-^(l^),T). Since X'' = H_^{qJ*) by definition, we obtain the spectral 
sequence in this lemma. □ 

Lemma 4.2. Let V be a contractible smooth manifold. If G acts on G x V by 
the left translation on G and by the trivial action on V , then we have 



H"'iG' X (G X y),T) 



C-(y,T), (m = 0), 
0, (to > 0), 



where C°°(V, T) is the group of smooth T-valued functions on V . 
Proof. We use the spectral sequence Q): 

= iJ«(G'f X (G X y),T), 
E^f'" = HP{m{G* X (G X y),T),9). 

We define a map 0p : G^ x (G x ^ G^+i x (G x y) by 

'l>p{9i^ - ■ ■ ,9pih,x) ^ igi,...,gp,h,e,x). 

If p > 0, then they obey dt o (j)p — ipp-i o di for i < p + I and 9p+i o (j)p — id. 
Thus, if c G iSf'' is a class such that 9c — 0, then 0*_iC G iJf^^''^ satisfies 
9((?!)*_ic) = (— l)''c. Hence E'f'' = for all p > and q. The spectral sequence 
degenerates at £'2, and we have W^IG* x (G x y), T) = £'2 ''. Let g be a positive 
integer. In this case, we have = H'^^^{G,Zi). Under this isomorphism, 
we can see that (/fo^o^ = for a class c £ E^''' . We also have (pgdiC = c, 
because 9i o 00 = id. Thus, E2''' = for g > 0. It is direct to see E^'^ = 
H"{G' X (G X F),T) = C°°(y, T), which completes the proof. □ 

Theorem 4.3. Let G be a Lie group acting on a smooth manifold M. We 

assume that the action is free and locally trivial, and that the quotient space 
AI/G is a smooth manifold in such a way that the projection map q : M 
M/G is smooth. Por a non-negative integer to the projection map induces an 
isomorphism of groups 

q* : H"'{M/G,T) H"'{G* x M,T). 
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Proof. We use the spectral sequence in Lemma Bm By the hypothesis, any point 
X £ M/G has a neighborhood V such that q^^{V) is equivariantly isomorphic 
to G X F. We can take 1/ to be a contractible open subset. By means of Lemma 
lO the sheaf X° is identified with Tm/g- We also have ^« = for q > 0. 
Thus the degeneration of the spectral sequence at E2 yields an isomorphism 
H"'{M/G,Tm/g) ^ i?"(G" X M,T). We can see that this isomorphism is 
composed of 77"(Af/G, Tj^^/g) = i?'"({e}* x M/G,T) given in LemmaUland 
q* : ff"({e}* x M/G,T) H"'{G' x M,T) induced from the simplicial map 
q:G' X M ^ {e}' x M/G. □ 

Remark 4. As is mentioned in Remark 01 if G is compact, then H"^{G' x 
M,T) ^ H^+\M,Z). Note that H"'{M/G,T) ^ iJ'"+i(M/G, Z) provided 
that M/G is a smooth manifold. As is well-known pQ, if G acts on M freely, 
then H'^!+\M,Z) ^ i/™+i(M/G, Z). Assembling these facts, we obtain an 
easier proof of Theorem 14.31 in the case that G is compact and m is positive. 

4.2 The Deligne cohomology on the quotient space 

We denote by A'^{M)ci the group of closed g-forms on M. 

Lemma 4.4. Let N be a positive integer, and G a Lie group acting on a smooth 
manifold M. The group H^{G' x M,T{N)) fits into the exact sequence 

O^H^iG' X A/,T) ^i7^(G* x M,T{N)) ^ A'^+^{M)'^i^^^ 

H^+\G' X A/,T), 

where H™ (G* x M, T) is the hypercohomology group of the constant simplicial 
sheaf T, and A^+HA^)d.6as = Ker{d : A^+^{M)ci -> A'^+\G x M)ci}. 

Proof. We have the following short exact sequence of complexes of simplicial 
sheaves on G* x M: 

0^{T^A^^ >A^i}^ HN) ^ {0 ^ . ^ A^+^} 0, (5) 

where -A^^ is the simplicial sheaf on G* x M given by the sheaf of germs of closed 
5- forms on each G* x M. The Poincare lemma |3] induces a quasi-isomorphism 

{T ^ ^ >0} ^ {T^ A^ > A^i}. 

The Poincare lemma also allows us to use the complex of simplicial sheaves 
as a resolution of A^^'^^. Since each G* x M is assumed to admit 
a partition of unity by our convention, we obtain 

f/^rr" V A//- n - / ^' (0 < m < iV), 

H (G xM,0^...-0-A,, ^ - [ A^^\M)%^^, {m = N). 

Now the long exact sequence associated with (0) leads to the lemma. □ 
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Lemma 4.5. Let G be a Lie group acting on a smooth manifold M . We assume 
that the action is free and locally trivial. For a non-negative integer m the 
projection map g : Af — > M/G induces an isomorphism of groups 

q* : H'"\M/G,T) H"\G' x Af,T). 

Proof. The argument here is the same as that in the proof of Theorem l4.3l First, 
by the same method as in Lemma |4. II we have a spectral sequence converging 
to a graded quotient of the cohomology group HP^'^{G* x M,T). Its £'2-terms 
are given by 

E^'" = HP(M/G,W), 

where Ti^ is the sheaf on M/G associated with the presheaf given by the as- 
signment of H'^{G' X q^^{V),T) to an open subset V C M/G. Second, by a 
method similar to that used in the proof of Lemma 14.21 we have 

H-iG'.iG.w),T) = [l 

where is a contractible set, and the Lie group G acts on G x Vl^ by the left 
translation on G and the trivial action on W. Finally, under the assumption 
in the current lemma, we identify 21° with the constant sheaf T on M/ G and 
with the trivial sheaf for g > 0, Then the degeneration of the spectral 
sequence completes the proof. □ 

Theorem 4.6. Let G and M be as in Theorem \4-.'^ For a non-negative integer 
N the projection map q : M ^ M/G induces an isomorphism of groups 

q* : H^{M/G,T{N)) ^ H^{G' x M,T{N)). 

Proof. Let N be positive. The simphcial map q : G' x M ^ {e}' x M/G 
induces a homomorphism between the exact sequences in Lemma [4.41 



H^{M/G, T) — ^ H^{G' X M, T) 

H^{M/G, T{N)) — ^ H^{G' x M, T{N)) 

A^+HM/GU ^ A^^HM)%,, 

H^+\M/G,T) ^i7^+i(G" X M,T), 
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where the cohomology groups on {e}* x (M/G) are identified with those on 
M/G by Lemma E31 and A^+\M/G)l'il^^ identified with A^+HM/G)cI. 
Note that q : M ^ M/G is a principal G-bundle by the assumption. Note 
also that A^^^{AI)^i f^^^ coincides with the group of closed basic {N + 1)- 
forms on M with respect to q : M ^ M/G. Hence q* : A^+^{M/G)ci 
A^+^(M)^j^g is an isomorphism. Now, Lemma 14.51 and the five lemma es- 
tablish the theorem in the case of iV positive. If = 0, then the group 
H"{G'xM,T{0)) = H"{G'xM,f^{0)) is isomorphic to the group of G-invariant 
T-valued smooth functions on M. Thus, the cohomology group is isomorphic 
to H°{M/G,T{0)) = G°°(Af/G,T) under the assumption. □ 

Since T{N) is obtained as the quotient ^{N) = T [N) / F^T [N) , we have a 
short exact sequence of complexes of simplicial sheaves: 

— > F^T{N) — > T{N) ^ T{N) — > 0. (6) 

This induces a long exact sequence: 

^ i?'"-i(G* X M, T{N)) t H'^^-^G' X M, fiN)) 

^ i/"(G' X M, F^J'iN)) H"'{G' X Af, T{N)) H"'{G' x Af, ^{N)) 
t H"'+^{G'xM, F^J'{N))^H"'+^{G'xM,J^{N)) — . 

We denote the Bockstein homomorphism by 

13 : i7"(G' X M,T{N)) — > H"'+\G' x M,F^T{N)). 

Because G* x A^ is assumed to admit a partition of unity for each i, the 
cohomology H"^{G' x M, F^T{N)) is computed as the mth cohomology of the 
double complex (L*'-' , 9, d) given by 

^ r Fi^MG' X Af), (l<j<iV), 

1 0, otherwise. ^ ' 

It is clear that iJ"(G* x Af, F'^J^{N)) = for m < N. 

Remark 5. The image of /3 : ff^(G' x M,T{N)) H^+^{G* x M,F^T{N)) 
plays the role of "equivariant extensions" in constructing a map from the equiv- 
ariant smooth Deligne cohomology to the equivariant de Rham cohomology |12| . 

5 Equivariant circle bundles with connection 

In this section, we study relationships between equivariant circle bundles (with 
connection) and circle bundles (with connection) over the quotient space. Al- 
though the relationships can be seen directly, we make use of the results in the 
previous section. 

We first consider the case of equivariant circle bundles without connection. 
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Proposition 5.1. Let G and M be as in Theorem \4.!^ 

(a) For a G-equivariant principal T-bundles P over M , there exists a princi- 
pal T-bundle P over M/G wtiose pull-back under the projection q : M ^ M/G 
is equivariantly isomorphic to P. 

(b) The isomorphism class of such P is unique. 

Proof. Recall Proposition 12.21 (a) and Proposition 13.51 fa). Let c € H^{G* x 

M, T) be the cohomology class corresponding to the equivariant isomorphism 
class of P. Since q* : H'^(M/G,T) H\G' x M,T) is an isomorphism by 
Theorem 14.31 we put c — {q*)~^{c). Let P be a principal T-bundle over M/G 
which is classified by c S H^{M/G,T). Because q*{c) = c, the pull-back of P 
under the projection q : M M/G is equivariantly isomorphic to P. □ 

Note that we can directly construct a principal T-bundle P such that q*P 
is equivariantly isomorphic to P as follows. If the action of G on M is as 
in Theorem 14.31 then so is the action of G on P. Hence the quotient space 
P/G gives rise to a principal T-bundle over M/G. Clearly, the pull-back of 
P/G M/G under q : M ^ M/G is equivariantly isomorphic to P M . 

Next we consider the case of equivariant circle bundles with connection. 
Recall that the cohomology H™{G* x M, F^J^{1)) can be given by 

ff™(G* X M,F^m) = ^^""^^ ^ Pi^HG™ X M)} 



Im{d : FMi(G™-2 x M) piAi(G"-i x M)}' 
Lemma 5.2. H^{G' x M,F^T{1)) = 0. 

Proof. Because F'^A^^AL) = 0, this lemma is clear. □ 

Proposition 5.3. Let G and M be as in Theorem \4-.S\ {P,d) a G-equivariant 
principal T-bundle with G-invariant connection over M, and c G H^{G' x 
M,J^(1)) the class corresponding to the equivariant isomorphism class of{P,0). 

(a) There exists a principal T-bundle with connection {P,9) over M/G whose 
pull-back under the projection q : M ^ M/G is equivariantly isomorphic to 
(P, 0) if and only if I3{c) =Q m H^{G* x M, P^J^(l)) . 

(b) The isomorphism class of such {P,0) is unique. 

Proof. By Theorem 14.61 and Lemma [5. 21 the short exact sequence (O gives the 
following exact sequence 

— > H\M/G,T{1)) H\G' X M,T{1)) H^{G' x M,F^T{1)). 

There exists a cohomology class c G {M / G ^ J- {1)) such that o q*{c) = c 
if and only if /3(c) = 0. Let (P, 0) be a principal T-bundle with connection 
over M/G classified by c. Since tp o q*(c) = c, the pull-back of {P,d) under 
q : M M/G is equivariantly isomorphic to (P, 9). Because f o q* is injective, 
the isomorphism class of (P, 6) is unique. □ 
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Let 2 be the Lie algebra of G, and ( | ) : g (g) g* ^ R the natural contraction. 
By the (co)adjoint, the Lie group G acts on an element / S 0* by {X\Adgf) = 

{Adg-^X\f). 

Lemma 5.4. There exists an isomorphism 

H\G' X A/, F^T{1)) - {/ : M -> g*| g* f = AdJ for all .g e G} . (8) 

Proof. Because F^A^{M) — 0, we have 

H^{G' X M,F^T{1)) = {ae F^A^{G x M)\ da = 0}. 

Let a be an element in i^^A^(Gx A/). Note that for any tangent vector e T^M 
we have a{{g,x);V) = 0. By a computation, we can see that the cocycle 
condition da = is equivalent to the following conditions: 

a{{g2,x)]g2X) = a{{gig2,x);gig2X), 
a{{gi,g2x);giX) = a{{gi,g2x);giXg2), 

where a tangent vector at € G is expressed as gX £ Tg G hy an element 
X G TeG = g. Thus, the isomorphism is induced by the assignment to 
a of the map f : M ^ g* defined by {X\f{x)) = a{(e,x);X). The inverse 
homomorphism is given by the assignment to / : Af ^ g* of the 1-form a 
defined by a{{g,x); gX ® V) = {X\f{x)). □ 

For a G-invariant connection on a G-equivariant principal T-bundle P over 
M, we define a map : Af ^ g* by 

{XHx)) = —^e{p;X*), (9) 

where p € P is a point lying on the fiber of x, and X* € TpP is the tangent 
vector generated by the infinitesimal action of X G g. Since the G-action on P 
commutes with the right T-action on P, the map /x is well-defined. We call the 
map fi the moment P] associated with {P,0). 

Lemma 5.5 f |12p. Let {P,0) be a G-equivariant T-bundle with G-invariant 
connection over M , and c G H^{G' x M, ^(1)) the cohomology class that classi- 
fies iP,0). Under the isomorphism the image /3(c) G H^{G' x A/, P^J^(l)) 
is identified with the moment fi : M ^ g* associated with (P, 9). 

By the help of Lemma 15.51 we can directly construct a principal T-bundle P 
with a connection 9 such that q*{P, 9) is equivariantly isomorphic to P. As we 
see, P gives a principal T-bundlc P M/G by setting P = P/G. By Lemma 
15.51 the condition /3(c) =0 in Proposition 15.31 is equivalent to the vanishing of 
the moment /i associated with (P, 9). It is clear by Q that the condition /i = 
is the necessary and sufficient condition for the G-invariant connection on P to 
descend to induce a connection 9 on the principal T-bundlc P/G ^ M/G. The 
pull-back of (P, 9) under q : M M/G is equivariantly isomorphic to (P, 9). 
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6 Equivariant gerbe with connection 



Theorem 6.1. Let G and M he as in Theorem \4.!^ 

(a) For a G-equivariant gerbe C over M, there exists a gerbe C over M/G 
whose pull-back under the projection q : M M/G is equivariantly isomorphic 
toC. 

(b) The isomorphism class of such C is unique. 

Proof. The proof is the same as that of Proposition l5.ll By Proposition lX^ fbl. 
we have a class c e (G" x M, T) that classifies the equivariant isomorphism 
class of C. Since q* : H^{M/G,T) H\G' x A/,T) is an isomorphism by 
Theorem 14.31 we put c = {q*)~^{c). Let C be a gerbe over M/G corresponding 
to c e H'^{M/G,T) by Proposition O (b). Because g*(c) = c, the pull-back of 
C under the projection q : M ^ M/G is equivariantly isomorphic to C. □ 

Since a gerbe does not have a "total space" , the construction of such a gerbe 
C as in Theorem 16 . 1 1 would be not as direct as in the case of circle bundles. For 
equivariant bundle gerbes, which are closely related to equivariant gerbes, we 
have some constructions of bundle gerbes over the quotient space ^1 El E| • 

Theorem 6.2. Let G and M be as in Theorem \4.cl\ (C, Co, K) a G-equivariant 
gerbe with G-invariant connective structure and G-invariant curving over M , 
and c G H^(G* x M, JF(2)) the class corresponding to the equivariant isomor- 
phism class of {C, Co, K). 

(a) There exists a gerbe with connective structure and curving {C,Co,K) 
over M/G whose pull-back under the projection g : Af — > M/G is equivariantly 
isomorphic to {C,Co,K) if and only i//3(c) = m H^{G' x M,F^T{2)). 

(b) The isomorphism classes of such (C,Co, iiT) are in one to one correspon- 
dence with Goker{(3 : H^{G' x M,T{2)) -> H^{G* x M,F^T{2))}. 

Proof. By Theorem 14 . 61 and we have the following exact sequence: 

H^{G*xM,T{2))—^H^{G*xM,F^T{2)) ^ H^{M/G,T{2)) 

(G* X M, T{2)) H^{G' x M, F''T{2)). 

There is a class c G Ll'^ {M / G , T {2)) such that o q*{c) = c if and only if 
P{c) = 0. By Proposition 12.31 there is a gerbe with connective structure and 
curving (C,Co, ^) over M/G classified by c. Since (p o q*{c) = c, the pull- 
back of {C,Co,K) under q is equivariantly isomorphic to {C,Co,K). Hence 
(a) is proved. By the exact sequence above, we have a bijection between the 
set of c e H'^{M/G,T{2)) such that </? o q*{c) — c and the cokernel of /3 : 
H^G' X M,T{2)) H^{G' x M,F^t[2)), which leads to (b). □ 

We notice that, although we may have distinct isomorphism classes of such 
(C, COj-R') as in Theorem 16.21 the isomorphism class of C is unique. This is 
a consequence of Theorem 16.11 We also notice that we can characterize the 
3-curvature (|3|) of {C,Co,K) by the unique 3-form Vl e A^{M/G) such that 
q*fl = n, where fl £ A^{M) is the 3-curvature of (C, Co, K) over M. 
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Lemma 6.3. There is an isomorphism H^{G* x M,F'^T{2)) ^ Z/B. Here Z 
and B are defined by 

C = A\M,3*)(BA°{Gx M,2*), (10) 
^ _ Lj,^.^Eigx-gV)-AdgEix;V)=dMa{9,x);V),\ 




/e A"(A/,g*), 

B = {iEX)eC E^df, ), (12) 

C{9,x) = f{9x) - Adg}{x) 

where d^.j is the exterior differential in the direction of M . 

Proof Recall that H^{G' x M,F^T{2)) is the cohomology of 0. Let [a,/3] be 
a class in the cohomology, where a G F^A'^{G x AI) and /3 G F^A^{G^ x M). We 
define e i^Ui(GxM) by setting iJ/3((5, x); 5X9^) = /3((g, e, x); 0®X©0). 
Note that cocycles (a, /?) and (a — di//3, /3 + dHP) induce the same cohomology 
class. Now we define E e A^{M,3*) and C G A°{G x Af,0*) by 

{X\E{x;V)) = (a-diI/3)((e,2;);XeO,0® F), 
(X|C(ff,a;)) = {P + dHP){{e,g,x);X(BO(BO). 

By a lengthy calculation, we can see that the cocycle condition for (a, (3) implies 
that {E, () belongs to Z. We here consider the case that (a, f3) — (— ^7, ^7) for 
an element 7 e F^A^{G x M). In this case, we define / e A°{M,q*) by 

(X|/(a:)) =7((e,x);XeO). 

By using / above, we can express the {E,C) G Z defined by (a, (3) as in (|12|) . 
Therefore we obtain a homomorphism $ : H^{G' x Af, i^\F(2)) — > by 
setting $([«,/?]) = [£',C]- To show that is an isomorphism, we give the 
inverse homomorphism. For (EX) G C we define a G F^A^{G x M) and /3 G 
FU^G^ X M) by 

a((g,a;);gX©F,5X'®F') = (X|i;(a:; )> " ^)> 

+ {[X,X']\ae,x)), 
(3{{gi,g2,x);giXi®g2X2®V) = (Xi|C(ff2, a:)). 

If {E,() belongs to Z, then (a,/3) is a cocycle. We here suppose that (£',C) 
can be expressed as in p2|) by a function / G A'^{M, g*). In this case, we define 
7 G F^A\G X M) by 

7((g,x);5X®y) = (X|/(a;)). 

We can verify that the (a, /?) defined by (i?, C) is expressed as (— ^7, ^7). There- 
fore we obtain a homomorphism 'if : Z/B H^{G' x Af, FlF(2)) by setting 
^!(\E, C]) = [a, 13]. Note that, if {E, Q e Z, then we have 

{[X,X']\ae,x)) - {X\E{x-X'*)) - {X\da{e,x)-X' 

Thus, we can see that 5' is the inverse of $. □ 
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An equivariant gerbe with connective structure and curving does not deter- 
mine a representative {E, ^) G Z of /3(c), in general. So we do not spell out here 
the general formula of the representative. (In [3], a computation of the term E 
can be found.) 

Lemma 6.4. There is an isomorphism 

H\G' X M,F^T{2)) = {/ e A\M,Q*)\ df = 0, g*f = AdJ for all g e G}. 

In particular, if M is connected, then there is an isomorphism 

H^G' X M,F^T{2)) = {/ e 0*1 / = Adgf for all g e G}. 

Proof Because F^A^{M) = F^A^iM) = 0, we have 

H^{G' X M,F^T{2)) ^{ae F^A\G x M)\ da = 0, da ^ O} . 

By Lemma [5.41 an element a G F^A^{G x M) such that da = is uniquely 
expressed as a = {g^^dg\f) , where g~^dg is the left invariant Maurer-Cartan 
form on G and / G A°(M, g) satisfies g* f — Adgf. The differential of a is 

da = (dg-'^ A dg\f) - {g-^dg\df) G F^A^{G x M). 

Note that (dg-i A dg\f) G F'^A^{G x M), while (g-^dg\df) ^ F2.42(G x A//). So 
the condition da = is equivalent to d/ = and ([X, Y]\f) — for all X, y G g. 
The last condition follows from df = and g*f = Adgf. □ 

The proof above implies that, if g = [g, g], then H'^{G' x M, Fij^(2)) = 0. 

Corollary 6.5. // the Lie algebra q of G is such that [q,q\ = Q, then the 
isomorphism class of (C, Co, K) in Theorem 1 6'. H fa ) is unique. 

In contrast with the above, if G contains tori as a center, then the group 
H^{G' X M,F^!F{2)) is non-trivial. For example, let T be a maximal torus of 
SU{2). If we put G = T and M = SU{2), then we have M/G ^ S"^ . In this 
case, we obtain H^{G' x M, _FlF(2)) = R. We also obtain by computations 
H^{G' X M,T{2)) = Z and H^{G' x M,T{2)) = 0. As a result, we have 
Coker{(3 : H^{G' x M,T{2)) H^{G' x M,F^T{2))} ^ M/Z. 

In general, the cohomology group H^{G' x M,T{2)) classifies the isomor- 
phism classes of G-equivariant T-bundle over M with flat connection ^| . The 
image of (3 : H^{G' x M, T[2)) -> H^(G' x M, F^T{2)) consists of the moment 
maps associated with G-equivariant T-bundles with flat connection over M. 

Acknowledgments. I would like to thank T. Kohno for useful discussions and 
valuable suggestions, and M. Furuta for good advice. I would also like to thank 
Y. Hashimoto for reading earlier drafts and for helpful comments. 



19 



References 

[1] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann sur- 
faces. Philos. Trans. Roy. Soc. London Ser. A 308 (1983), no. 1505, 523-615. 

[2] N. Berlins and M. Vergne, Classes caracteristiques equivariantes. Formule 
de localisation en cohomologie equivariante. C. R. Acad. Sci. Paris Serie. I 
Math. 295 (1982), no. 9, 539-541. 

[3] J-L. Brylinski, Gerhes on complex reductive Lie groups. math.DG/0002158 

[4] J-L. Brylinski, Loop spaces, Characteristic Classes and Geometric Quanti- 
zation. Birkhauser Boston, Inc., Boston, MA, 1993. 

J-L. Brylinski and D. A. McLaughlin, The geometry of degree-four char- 
acteristic classes and of line bundles on loop spaces. L Duke Math. J. 75 
(1994), no. 3, 603-638. 

P. Deligne, Theorie de Hodge, LLL. Inst. Hautes Etudes Sci. Publ. Math. 
No. 44 (1974), 5-77. 

[7] P. Deligne and D. S. Freed, Classical field theory. Quantum fields and 
strings: a course for mathematicians. Vol. 1 (Princeton, NJ, 1996/1997), 
137-225, Amer. Math. Soc, Providence, RI, 1999. 

H. Esnault and E. Viehweg, Deligne-Beilinson cohomology. Beilinson's con- 
jectures on special values of L-functions, 43-91, Perspect. Math., 4, Aca- 
demic Press, Boston, MA, 1988. 

[9] P. Gajer, Geometry of Deligne cohomology. Invent. Math. 127 (1997), no. 

I, 155-207. 



[10] K. Gawedzki and N. Reis, WZW branes and gerbes. |hep-th/0205233 



[11] J. Giraud, Cohomologie non-abelienne. Grundl. 179, Springer Verlag 
(1971). 



[12] K. Gomi, Equivariant smooth Deligne cohomology. math.DG/0307373 



[13] B. Kostant, Quantization and unitary representations. L. Prequantization. 
Lectures in modern analysis and applications. 111, pp. 87-208. Lecture 
Notes in Math., Vol. 170, Springer, Berlin, 1970. 

[14] E. Lupercio and B. Uribe, Deligne cohomology for orbifolds, discrete torsion 
and B-fields. hep-th/0201184 

[15] V. Mathai and D. Stevenson, Chern character in twisted K-theory: equiv- 
ariant and holomorphic cases, hep-th/0201010 

[16] E. Meinrenken, The basic gerbe over a compact simple Lie group. 
[math.DG/02 6M94| 



20 



[17] G. Segal, Classifying spaces and spectral sequences. Inst. Hautcs Etudes Sci. 
Publ. Math. No. 34 1968 105-112. 



[18] E. Sharpe, Discrete torsion and gerhes I. hep-th/9909108 



[19] E. Sharpe, Discrete torsion and gerbes II. hep-th/9909120 



[20] A. Weil, Introduction d I'etude des varietes kdhleriennes. Publications de 
rinstitut de Mathematique de I'Universite de Nancago, VI. Actualites Sci. 
Ind. no. 1267. Hermann, Paris 1958. 



Graduate school of Mathematical Sciences, University of Tokyo, 
Komaba 3-8-1, Meguro-Ku, Tokyo, 153-8914 Japan, 
e-mail: kgomi@ms.u-tokyo.ac.jp 



21 



